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Abstract
The paper is devoted to the calculation of Local Metric Homology for spaces with isolated conical
singularities. We show that in this case the result is similar to the corresponding result for Intersection
Homology. The main tool is a parametric version of the following theorem of Federer and Fleming:
small cycles are trivial.  2002 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
Résumé
Dans cet article, nous calculons l’homologie métrique locale pour les espaces à singularités isolées
de type conique. Nous montrons que, dans ce cas, les résultats obtenus sont similaires à ceux de
l’homologie d’intersection. L’outil principal est une version paramétrique du théorème de Federer
et Fleming montrant la trivialité des cycles de petite dimension.  2002 Éditions scientifiques et
médicales Elsevier SAS. Tous droits réservés.
AMS classification: 14P10; 14P25
1. Introduction
Metric Homology described in [1] is a homology theory which is invariant with respect
to semialgebraic bi-Lipschitz homeomorphisms. This theory is defined in a similar way
as Intersection Homology (see [5]) but the dimension of the intersection of a chain with a
stratum is replaced by the so-called volume growth number. The volume growth number
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is a sort of generalization of the Hausdorff dimension. In this paper the volume growth
number is defined in the slightly different (but equivalent) way as in [1] in order to
emphasize the analogy with the Hausdorff dimension.
We showed in [1] (Section 7) that Metric Homology is not a topological invariant and
not isomorphic to Intersection Homology in the general case. This phenomena appears for
semialgebraic (or algebraic) sets whose singularities are not conical. A natural question is
the following: What happens in the case of conic singularities?
We produce here the calculations of Local Metric Homology for isolated conical
singularities. The result is similar to the corresponding result for Intersection Homology
and Lp-cohomology ([2,5,10]). Note that Lp-cohomology is also a bi-Lipschitz invariant.
Namely, we prove that Local Metric Homology is either isomorphic to the usual homology
of the link of a singular point or equal to zero. This result shows that Metric Homology can
be considered as a metric generalization of Intersection Homology.
The central technical tool of the calculations is Lemma 3: Let c be a k-dimensional
cycle in the link of an isolated singular point x0. Suppose that c is the boundary of some
(k+ 1)-dimensional chain η whose volume growth number with respect to x0 is greater or
equal to k + 1. Then c is a trivial cycle.
In [1] we stated this proposition for 1-dimensional cycles. In fact, this lemma is an
analogous of a well-known result of Federer and Fleming [7]: Small cycles are trivial. (See
also the paper of Gromov [6].)
Note that here all semialgebraic sets are supposed to be normally embedded (see [3])
and, thus, bi-Lipschitz equivalence with respect to the intrinsic metric is equivalent to the
bi-Lipschitz equivalence with respect to the induced metric.
2. Definitions
Let X ⊂Rn be a semialgebraic set. We say that {Xi} is an L-stratification of X if:
1. All Xi are semialgebraic and Lipschitz manifolds.
2. Xi ∩Xj = ∅ if i = j .
3. For any Xi and for any pair of points x1, x2 ∈ Xi there exist two neighbourhoods
U(x1),U(x2) and a bi-Lipschitz map h :U(x1) ∩ X → U(x2) ∩ X such that h(x1) = x2
and h(U(x1)∩Xj)=U(x2) ∩Xj for every j .
Note that this definition is a slightly modified definition of L-stratification from [8]
and [9].
We say that {X˜i} is a canonical L-stratification of X if any other L-stratification can
be obtained as a refinement of {X˜i}. By [1], any semialgebraic set admits a canonical
L-stratification.
Let Y,Z be two semialgebraic subsets of X. Let Uε(Z) be an ε-neighbourhood of Z and
let f (ε) = voldimY (Uε(Z) ∩ Y ). Let α(r) = limε→0 f (ε)/εr . Then there exists a number
r0 such that α(r) = 0 if r < r0 and α(r) =∞ if r > r0. Set µ(Y,Z) = r0. The number
µ(Y,Z) is called volume growth number of Y with respect to Z.
Let ν : [0,1, . . . ,dimX] → R+ be a function. We call it a volume perversity function.
Let η =∑ajfj be a k-dimensional semialgebraic chain on X. We say that η is admissible
with respect to ν or ν-admissible if, for the canonical L-stratification {X˜i} of X:
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1. µ(Suppη, X˜i) ν(dim X˜i ).
2. µ(Supp∂η, X˜i) ν(dim X˜i ).
The set of ν-admissible chains defines a chain complex. The homology of this complex
is called Metric Homology of X with respect to the volume-perversity function ν. We
denote it by MHν(X).
Let {Si} be a triangulation of a semialgebraic set X. Let K{Si } be a standard simplicial
complex corresponding to the triangulation {Si}. We say that X is a set with conical
singularities if there exist a triangulation {Si} of X and a semialgebraic, bi-Lipschitz,
triangulation preserving homeomorphism ψ :X → K{Si }. Observe that {ψ(X˜i)} is the
canonical L-stratification of K{Si } (see [1]).
The Local Metric Homology MHνloc(X,x0) in a point x0 ∈ X is defined as MHν(X ∩
Bx0,ε), for sufficiently small ε. We denote by Bx0,ε the ball centered at x0 with radius ε
and by Sx0,ε its boundary sphere. If a set X has conical or only isolated singularities, the
Local Metric Homology MHνloc(X,x0) is well defined, i.e. does not depend on sufficiently
small ε.
3. Calculation of the local metric homology
Let us denote by Lx0(X) the link of the point x0 in the semialgebraic set X, i.e. the
equivalence class of X ∩ Sx0,ε with respect to the following relation: Two semialgebraic
manifolds are equivalent if they are semialgebraically bi-Lipschitz equivalent. The link
does not depend on sufficiently small ε. The main result of this section is the following.
Theorem. Let X ⊂Rm be a semialgebraic subset of dimension n with an isolated conical
singular point x0 ∈X and let ν be a volume perversity function. Then
MHνloc,k(X,x0)=
{0, if ν(n) k + 1;
Hk(Lx0(X)) if ν(n) > k + 1.
To prove the theorem we need the following preliminary results.
Lemma 1. Let S be a k-dimensional simplex, let x0 be a vertex of S and let A ⊂ S be a
semialgebraic k-dimensional subset of S such that µ(A,x0) > k. Then there exists a subset
S˜ ⊂ S such that
(1) S˜ is a k-dimensional simplex of which x0 is a vertex.
(2) (A− x0)∩ (S˜ − x0)= ∅.
In other words, there exists a smaller subsimplex S˜ of S which does not intersect A
away from the vertex x0 (see Fig. 1).
Proof. Let S1 be the face of S opposite to the vertex x0. The simplex S is the join
S1 ∗{x0} ∼= (S1×[0,1])/S1×{x0}. Let π :S1×[0,1]→ S be the corresponding projection.
For each {x1} ∈ S1, the interval {x1} × [0,1] is sent on the interval [x0, x1] ⊂ S. Let
S′ = S1 × (0,1]. By definition, π is a semialgebraic map and π |S ′ :S′ → S − x0 is a
homeomorphism (see Fig. 2).
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Fig. 1.
Fig. 2.
Let A′ = π−1(A). Clearly A′ is a semialgebraic set. Let S0 = S1 × {0}. Let p :S1 ×
[0,1] → S0 be the standard projection. Now we consider the cylindric decomposition of
A′ with respect to the projection p (see [4]). Let {Bi} be the semialgebraic partition of
S0 such that {A′ ∩ (Bi × [0,1])} is the collection of “graph-type” and “band-type” sets.
Let B1 ∈ {Bi} be an element of this partition such that int(B1) = ∅. Consider the first
function f1 from the collection of functions preserving the cylindrical decomposition of
B1 × [0,1] (see [4]).
We claim that the intersection of the “band” {(x, t), x ∈ B1, 0 < t < f1(x)} with A′ is
empty. Suppose that this intersection is nonempty. Let x ′ be an interior point of B1. We can
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construct a cylinder Cε =∆× (0, ε] such that ∆⊂ B1 is a small simplex-neighbourhood
of x ′ whose faces are parallel to the faces of S0 and ε = minx∈∆ f1(x) > 0. By the
construction of Cε , we have Cε ⊂A′, thus π(Cε)⊂A. But since π(Cε) is a k-dimensional
simplex we obtain µ(π(Cε), x0)= k, in contradiction with µ(A,x0) > k.
Now considering the same “band” {(x, t), x ∈ B1, 0 < t < f1(x)}, one can construct
the cylinder Cε inside this “band” in the same way. Hence, we obtain that Cε ∩ A′ = ∅.
The set S˜ = π(Cε) satisfies the conditions of Lemma 1. ✷
Lemma 2. Let S be a k-dimensional simplex and let A⊂ S be a semialgebraic subset such
that dimA < k. Then, for any vertex x0, there exists a k-dimensional simplex S˜ with the
same vertex x0 such that (A− x0)∩ (S˜ − x0)= ∅.
Proof. The proof is essentially the same as the proof of Lemma 1. We consider the blow-
down map π :S1 × [0,1]→ S, as in Lemma 1. Considering the cylindrical decomposition
of A′ in S1 × [0,1] we can take any set B1 with a non-empty interior. Clearly, the
intersection of the “band” constructed in Lemma 1 with A′ is empty because dimA′ < k.
Thus, we can use the same arguments as in Lemma 1. ✷
Proposition 1. Suppose that ν(n) k + 1, then MHνloc,k(X,x0)= 0.
Proof. We prove that every k-admissible cycle is an admissible boundary. Let ε be
sufficiently small and let c be a k-cycle belonging to X ∩ Bx0,ε , c =
∑
ajfj where
the functions fj :∆k → X ∩ Bx0,ε are semialgebraic maps. Let {Si} be a triangulation
of X ∩ Bx0,ε . We can suppose that, for every j , there exists a simplex Si such that
fj (∆k) ⊂ Si . Let Fj :∆k+1 → Si be the map defined as follows. The standard simplex
∆k+1 can be considered as a cone over the simplex ∆k . Let y0 be the additional vertex
of ∆k+1. Then, for each y ∈ ∆k+1, there exists a unique y˜ ∈∆k and a unique number
t ∈ [0,1] such that y = (1− t)y˜+ ty0. Set Fj (y)= (1− t)(ψ(fj (y)))+ tψ(x0) where ψ is
the homeomorphism defined in §2. We define a chain η as follows: η =∑ajFj . Since η
is a (k + 1)-dimensional chain we obtain µ(Suppη,x0) k+ 1. Thus η is admissible and
∂η= c. The proposition is proved. ✷
Let P : (X ∩ Bx0,ε) − x0 → Lx0(X) be the projection defined as follows. Let x ∈
(X ∩ Bx0,ε) − x0. Consider the image of x by the triangulation map ψ . We connect
ψ(x) and ψ(x0) by a straight line in K = ψ(X). Let x ′ be the intersection of this line
with the base of the simplex Si (here Si is the simplex of the triangulation of X). Set
P(x) = ψ−1(x ′). Clearly, the map P induces an isomorphism of (X ∩ Bx0,ε) − x0 and
Lx0(X).
Lemma 3. Let c be a k-dimensional cycle in X∩Bx0,ε such that x0 /∈ Suppc. Suppose that
c = ∂η for a semialgebraic chain η such that µ(Suppη,x0) > k + 1. Then [c] is trivial in
Hk((X ∩Bx0,ε)− x0).
In other words, if a cycle vanishes sufficiently fast then it is trivial.
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Fig. 3.
Proof. It is sufficient to prove the lemma when X is a simplicial complex. Let {Si} be
the set of n-dimensional simplexes of X such that x0 is a vertex of Si . Let c and η as
in hypothesis of the lemma. If k + 1 = n then, by Lemma 1, for each Si there exists a
subsimplex S˜i of the same dimension such that (S˜i − x0)∩ (Suppη− x0)= ∅. If k+ 1< n
the same conclusion can be deduced from Lemma 2.
Let Hδ be a hyperplane in the ambient space such that Hδ intersects with all simplexes
S˜i and d(Hδ, x0)= δ. Observe that, for sufficiently small δ, then c1 = η∩Hδ is a cycle and
[c1] = [c] in Hk((X ∩Bx0,δ)− x0). Let us define the chain η1 as the part of η contained in
the halfspace defined by Hδ and opposite to c (see Fig. 3).
Let li be the segment belonging to Si connecting x0 and the barycenter of the simplex
S˜i ∩Hδ . Let Ht be the hyperplane parallel to Hδ such that d(Ht , x0)= t . Then li ∩Ht is a
point.
The proof will go now in three steps:
a) Firstly we define another chain η′ such that η′ belongs to the (n−1)-skeleton ofX and
η′ is a contraction of a cycle c′1 such that [c′1] = [c1]. We can suppose that η1 =
∑
j ajFj
where Fj :∆k+1 →X are semialgebraic maps and Fj (∆k+1)⊂ Si for some i . Let Si,δ and
S˜i,δ be the parts of Si and S˜i contained in the same halfspace defined by Hδ as the point x0.
Let ρi :Si,δ − S˜i,δ → ∂Si be the projection defined as follows. For x ∈ (Si,δ − S˜i,δ)∩Ht let
us connect x and li ∩Ht by a straight line, denoted by l(x). Clearly l(x) intersects ∂Si ∩Ht
in two points. Let ρi(x) be the intersection point of l(x) and ∂Si defined in such way that
the segment [ρi(x), x] does not intersect S˜i (Fig. 4). Observe that if x ∈ ∂Si then ρi(x)= x .
Set η′ = ∑j ajF ′j where F ′j :∆k+1 → X is the map defined as follows: F ′j (y) =
ρiFj (y) if Fj (y) ∈ Si . Let us write c1 =∑s bsfs . Set c′1 =∑s bsf ′s where the maps
f ′s :∆k →X are defined in the same way: f ′s (y)= ρifs(y) if fs(y) ∈ Si .
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Fig. 4.
It is clear that [c′1] = [c1]. Since c1 = ∂η1 we obtain that c′1 = ∂η′.
b) We prove that the following inequality holds:
µ(Suppη′, x0) µ(Suppη,x0).
By the construction of the sets S˜i the map ρi |Suppη1∩Si is a Lipschitz map. Thus, there
exists a constant K > 0 such that
K · volk+1(Suppη1 ∩Bx0,ε) > volk+1
(
ρ(Suppη1 ∩Bx0,ε)
)
.
The map ρ : Suppη1 →⋃i ∂Si is defined as follows:
ρ(x)=
{
ρi(x) if x ∈ Suppη1 ∩ intSi for some i;
x if x ∈ Suppη1 ⊂ ∂Si for some i.
Since the hyperplanes Ht are invariant under ρ, then there exist two positive constant
numbers K1 and K2 such that
Bx0,K1ε ∩ Suppη′ ⊂ ρ(Suppη1 ∩Bx0,ε)⊂ Bx0,K2ε ∩ Suppη′.
It means that
µ(Suppη′, x0) µ(Suppη1, x0)= µ(Suppη,x0).
c) The cycle c′1 satisfies [c′1] = [c] and c′1 = ∂η′ where η′ belongs to the (n − 1)-
skeleton of X and, by construction, c′1 belongs to the (n − 2)-skeleton of Lx0(X). Since
µ(Suppη′, x0) > k we can continue the procedure replacing X by Xn−1 where Xn−1 is the
(n−1)-skeleton of X. One can define a new chain η′′ in the same way. The cycle c′′1 = ∂η′′
belongs to the (n− 3)-skeleton of Lx0(X) and [c′′1] = [c].
Finally, we are able to iterate the procedure up to obtain a cycle c˜ such that [c˜] = [c]
and c˜ belongs to the (k − 1)-skeleton of Lx0(X). But since c˜ is a k-dimensional cycle we
conclude that [c˜] = 0. Thus, [c] = 0. ✷
Proposition 2. Let ν(n) > k + 1. Let c be a k-dimensional semialgebraic admissible
cycle in X ∩ Bx0,ε . Then there exists a k-dimensional cycle c1 such that [c1] = [c] in
MHνloc,k(X,x0) and Suppc1 ⊂ (X ∩Bx0,ε)− x0.
94 L. Birbrair, J.-P. Brasselet / Bull. Sci. math. 126 (2002) 87–95
Proof. The proof will proceed in three steps:
a) As in the proof of Lemma 3 we can suppose that X is a simplicial complex. Since c
is admissible then µ(Suppc, x0) > k + 1. Let Ht be a one-dimensional family of parallel
hyperplanes transversal to all simplexes Si such that x0 is a vertex of Si and d(Ht , x0)= t .
Since c is a cycle then b = Ht ∩ c, is a (k − 1)-dimensional cycle in (X ∩ Bx0,ε) − x0,
for sufficiently small t . Let ξ be the chain consisting of the part of c situated in the same
halfspace than x0 delimited by the hyperplane Ht . By the definition of b, we have that
b= ∂ξ . Since c is an admissible cycle, then b satisfies the conditions of Lemma 3. Thus, b
is a trivial cycle in Lx0(X). It means that there exists a chain η⊂Ht ∩X such that b = ∂η.
Let ct = ξ − η and let c1 = c− ct . It is clear that Suppc1 ∩ x0 = ∅ and since c and ct are
cycles, c1 is a cycle.
b) We prove that [ct ] = 0 in MHνloc,k .
We proceed in the same way as in the proof of Lemma 3. We restrict the considerations
to an n-dimensional simplex Si . By Lemma 1, we can find an n-dimensional subsimplex
S˜i such that S˜i ∩ Suppct = ∅. Let ρi :Si − S˜i → ∂Si be the projection defined as in the
proof of Lemma 3. Let ct =∑ajfj where fj :∆k →X are semialgebraic maps. We can
suppose that, for each j , there exists i such that fj (∆k) ⊂ Si . Set c′t =
∑
ajf
′
j where
f ′j :∆k →X is a map defined by f ′j (x)= ρifi(x). It is clear that c′t is a cycle and Suppc′t
belongs to the (n− 1)-skeleton of X. By the same arguments as in the proof of Lemma 3,
we can show that c′t is an admissible cycle.
Let us prove that [c′t ] = [ct ] in MHνloc,k(X,x0). Let φ : Suppct × [0,1]→X be the map
defined as follows
φ(y, t)= (1− t)y + tρi(y) if y ∈ Si .
Let V = φ(Suppct × [0,1]). Clearly, we can triangulate V in such a way that V = Supp η˜,
for a semialgebraic chain η˜ such that ∂η˜ = ct − c′t . Thus, we must prove that η˜ is an
admissible chain, i.e. µ(V,x0) > ν(n). It is enough to show that, for each simplex Si , we
have: µ(V ∩ Si, x0) > ν(n). Let ct =∑ajfj . We suppose (as usual) that, for every j ,
there exists i such that fj (∆k)⊂ Si . Let fj1, . . . , fjs be the maps such that fjp (∆k)⊂ Si0 ,
for p = 1, . . . , s. Set Wp = fjp (∆k) and Vp = φ(Wp × [0,1]). Using the construction of
the map ρi one can show that there exist two positive numbers K1 and K2 such that, for
each ε, we have:
φ(Wp ∩BK1ε,x0 × [0,1])⊂ Vp ∩Bε,x0 ⊂ φ(Wp ∩BK2ε,x0 × [0,1]).
Let (z, t) be coordinates in Wp × [0,1]. By the definition of the map φ there exists K
such that | ∂φ
∂zi
|<K , for all i , and | ∂φ
∂t
|<K if (z, t) is sufficiently close to (x0, t). Thus,
volk+1φ
(
(Wp ∩Bε,x0)× [0,1]
)
 K · vol((Wp ∩Bε,x0) × [0,1])
 K˜ · εµ(Wp,x0)+1.
Since ct is admissible µ(Wp,x0) > ν(n) and then µ(Vp, x0) > ν(n). Thus, µ(V,x0) >
ν(n).
We constructed the cycle [c′t ] such that [c′t ] = [ct ] and c′t belongs to the (n−1)-skeleton
of X. We can iterate this procedure up to obtain a cycle c˜t such that c˜t is a k-dimensional
cycle belonging to the (k − 1)-skeleton of X and [c˜t ] = [ct ]. Thus, [c˜t ] = [ct ] = 0.
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c) On the one hand since c1 = c − ct we have [c] = [c1]. On the other hand, by the
construction of c1 we obtain that x0 ∩ Suppc1 = ∅. ✷
Proof of the theorem. By Proposition 1, we have MHνloc,k(X,x0)= 0 if ν(n) k+1. Let
us prove that MHνloc,k(X,x0)=Hk(Lx0(X)) if ν(n) > k+1. By the proof of Proposition 2,
there exists a well defined homomorphism h : MHνloc,k(X,x0)→Hk(Lx0(X)) given by the
formula: h([c]) = [c1] (where [c1] is the cycle defined in Proposition 2). The map h is
an epimorphism, because any cycle in Lx0(X) is admissible in X ∩ Bx0,ε . Let us prove
that h is a monomorphism. Let h([c′]) = h([c′′]). It means that c′ − c′′ = ∂η, for some
semialgebraic chain η in Lx0(X). But since Suppη ∩ x0 = ∅ then η is an admissible
chain. ✷
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